Abstract Three-and two-level mixing models are proposed to understand the doubling of states at the same spin and parity in triaxially-deformed atomic nuclei with odd numbers of protons and neutrons.
in a symmetric Double Square Potential Well (DSPW) [1, 2] . The Hamiltonian for a particle in the DSPW commutes with the parity operator P . Thus eigenstates of the Hamiltonian are eigenstates of the parity. When the potential barrier between the wells forming the DSPW is finite, the positive parity ground state |+ has a partner that is of the negative parity |− separated by an energy interval related to the height of the potential barrier.
When the barrier separating the DSPW wells become infinite the |+ and the |− partner states become degenerate. In this case linear combinations of the |± eigenstates can be formed,
with the |L/R states being the eigenstates of the Hamiltonian but not the parity operator.
The |L/R states represent in this particular case the lowest-energy solution in the infinite potential well on the right or the left of the DSPW for which P |L = |R or vice versa. In the case of the infinite barrier the |± as well as the |L/R states describe system equally well. Thus, there is a freedom of choice in selecting the former set of well defined parity, or the latter set for which the parity is not defined, but the interpretation of the wave function of a particle confined to either the left or the right well is intuitive.
For the last two decades, a novel two-level quantum mechanical system involving three axial vectors of angular momenta has been under intensive scrutiny in relation to coupling of collective and single particle motions in rotating nuclei [3] . For an odd-odd rotating nucleus with a triaxial shape (a shape of a kiwi fruit) and valence proton/neutron in high-j particle/hole orbitals, the total angular momentum I may lie outside of the three principal planes. Consequently, the three components of the total angular momentum along the principal axes can be oriented in either left-or right-handed systems, thus defining chirality.
The left-and the right-handed systems are transformed into each other by the chiral operator which combines spatial rotation by 180
• around the intermediate axis with the time reversal, R 2 (π)T [4] . The formation of chiral systems takes place in the reference frame which is defined by the principle axes of the deformed nuclear mean field. This is a rotating, thus non-inertial reference frame. In the stationary, thus inertial, laboratory reference frame, the wave functions are linear combinations which include with equal probability the left-handed and right-handed components. This leads to the doubling of states in the laboratory frame referred to as "restoration of chiral symmetry". Consequently, the transformation to the laboratory frame gives rise to a pair of nearly degenerate ∆I = 1 bands with the same parity, often referred to as chiral doublet bands [3] .
The purpose of this Rapid Communication is to analyze models for the doubling of states related to chiral coupling of angular momenta vectors drawing analogies to the DSPW model of parity doublets. The models presented here, while simplified, capture the essential physics of nuclear chiral rotation. In particular, the mechanism leading to energy degeneracy and the role of non-chiral (planar) component are illustrated. On the other hand, while the behaviour of the chiral system bears strong analogies to the DSPW, there is one prominent difference should be emphasized. In the DSPW model the potential barrier is static, while in the case of nuclear chirality the barrier height for systems of opposite chirality depends on the total angular momentum of the rotating nucleus, although it is static at a given I.
Among various nuclear models, the Particle Rotor Model (PRM) has been widely used to describe the chiral doublet bands achieving major successes [3, [5] [6] [7] [8] [9] [10] [11] [12] . The model, with the particular Hamiltonian for coupling of a proton particle and a neutron hole considered here
describes in the laboratory reference frame a system consisting of collective rotation of a triaxially deformed body
and single-particle motion of valence nucleons in the body-fixed quadrupole-deformed mean field potential
with β and γ representing standard quadrupole-deformation parameters and κ(r) denoting radial dependence. The total angular momentum of the system is
So far, chiral geometry of angular momentum coupling has been extracted from expectation values of orientation operators, rather than being a starting point at the outset of solving the PRM. Very recently Ref. [13] proposed to solve the PRM in the Hilbert space that contains subspaces of left-handed, right-handed, and planar states of angular momentum coupling. The basis states are defined by Eq. 95 of Ref.
[13]
with K, κ π and κ ν representing the projection of I, j π and j ν on the intermediate-, short-, and the long-axis of the triaxial mean field, respectively. The restrictions on ranges of quantum numbers K, κ π and κ ν are set to span the full Hilbert space while eliminating states which differ by a phase only. The choice of K ≥ 0 and κ ν ≥ 1 /2 is a convention adopted here following Ref. [13] . For the above basis states, the handedness is an explicit property defined by the sign of κ π as shown in Fig. 1 and is defined prior to diagonalization of the Hamiltonian rather than extracted feature as in models with non-chiral bases.
In details, the left-handed L, the right-handed R, and the planar P subspaces are defined 
The sum of the three subspaces is referred to as the "Full" Hilbert space. Under the action of the operator R 2 (π)T the L and R subspaces are transformed to each other, while the P subspace is invariant. The leading-order Coriolis matrix elements are contained within each subspace leading to nearly block-diagonal structure of the Hamiltonian matrix. Current work explores impact of the coupling between the planar and the chiral subspaces. • . The coupling constant for the nuclear mean field potential defined by Eq. 13 of Ref. [13] has been assumed as 0.24 MeV/ 2 while the irrotational flow moments of inertia J 3 = 4J 1 = 4J 2 = J 0 are adopted with J 0 = 30 2 /MeV. These parameters result in formation of the chiral doublet bands and yield degeneracy of states at the total spin value of I = 15 + as reported previously in Refs. [13] and [3] . As seen in Fig. 2 , the energies resulting from the diagonalization in the Full space are the lowest, which is expected for the complete basis. The nearly degenerate levels 1 and 2 as well as levels 3 and 4 are attributed further, the corresponding lowest energy spectra as a function of spin are shown in Fig. 3 with bands labelled following the convention used in Fig. 2 . It can be observed in Fig.   3 that bands 1 and 2 from diagonalization in the L/R subspace can very well reproduce bands 2 and 4 from diagonalization in the Full space, respectively, and that bands 1 and 2 from diagonalization in the P + L/R subspace are lower in energy than those from the diagonalization in the L/R subspace.
To understand the above observation we propose a three energy level model (3-ELM) for the Full diagonalization based on a simplification which assumes that the |L , |R , and |P subspaces consist of a single basis state each. Note that for γ = 90
• L|H|R = R|H|L = 0 and consequently the Hamiltonian matrix takes the form
Results presented in Figs. 2 and 3 indicate B >> A. The energy-ordered eigenvalues of Eq.
correspond to three eigenstates
with N i denoting normalization of ψ i for i = 1 and 3.
Based on the above results, it is interesting to note that λ 2 = A = L|H|L = R|H|R .
This explains why the energy spectra obtained by diagonalization in the L/R subspace Similarly, we can also construct a two energy level model (2-ELM) for P + L block diagonalization as
The energy-ordered eigenvalues are
Note that B >> A implies λ 1 < Λ − < λ 2 . For that reason block diagonalization in the P + L subspace yields energies lower than block diagonalization in the L/R or P subspaces but higher than the diagonalization in the Full space, as indeed illustrated in Figs. 2 and 3 .
Based on the conclusions drawn above, the values of effective interaction C is extracted.
In the 3-ELM according to Eq. 9
where A, B, and λ 1 are taken as the lowest solution from diagonalization in the L, P, and Full subspaces, respectively. Similarly, one can extract C from the 2-ELM using Λ − of Eq. 12.
The results are presented in Fig. 4 as a function of spin. The magnitude of the interaction is C ≈ 1 MeV through the whole spin region.
According to the 3-ELM if C = 0, then λ 2 = λ 1 and ψ 1 and ψ 2 are strictly degenerate. In this case the ψ 1 and ψ 2 wave functions contain only |L and |R chiral components mixed with the same or the opposite phase but without any |P contribution. With the increase of C the degeneracy is gradually broken. Consequently, the magnitude of C determines the According to the 3-ELM states, band 2 do not contain the P component, while the contribution of P component to states in band 1 is small relative to L and R components. This is illustrated in Fig. 5 showing a comparison of squared amplitudes of L/R and P In summary, three-and two-level mixing models are proposed to understand the degeneracy of the chiral doublet bands. It is identified that the higher-energy member of a chiral doublet band is formed by anti-symmetric combination of chiral components; it is of pure chiral geometry without any planar components. For the lowest-energy band member planar components show first a decreasing and then increasing trend with spin. This trend as well as the magnitude of the energy splitting between both members are determined by matrix elements of the Hamiltonian between the planar and nonplanar subspaces of the full PRM Hilbert space.
The different planar components in the chiral doublet bands would be used to interpret other possible different properties in the chiral doublets, which provide impetus to reexamine the fingerprints of the chiral doublets, such as electromagnetic transitions and angular momentum geometries.
